The theory of the vibration-rotation lines of the first overtones of the infrared active fundamentals of tetrahedral molecules has been re-examined. Theory predicts an overtone spectrum consisting of five P, Q, and R branches of roughly comparable intensities provided that the vibrational angular momentum quantum number e is approximately a good quantum number for the complete vibration-rotation
The theory of the vibration-rotation lines of the first overtones of the infrared active fundamentals of tetrahedral molecules has been re-examined. Theory predicts an overtone spectrum consisting of five P, Q, and R branches of roughly comparable intensities provided that the vibrational angular momentum quantum number e is approximately a good quantum number for the complete vibration-rotation
Hamiltonian.
In this case the separation of the E and P? vibrational suhstates of the G = 2 vibrational state must he small compared with the splittings which arise from the BBc(P.1) t,erm. The band 2va of CHa is shown to be consistent with this approximation.
If however the separation between the E and Fz vibrational substates is very large theory predicts an overtone spectrum consisting of single strong P, Q, and R branches with P and R branch spacings of approximately 2R(l + 0. Th ese P, Q, and R lines are associated with the Fz vibrational suhstate, and have relative intensities much larger than the lines of the E vibrational substate. The hands 2~;~ of both CHa and CD4 are shown to be accounted for by this limit.
The detailed calculations exploit the spherical tensor formalism. In the first case a conventional angular momentum coupled representation, an extension of Hecht's work on the fundament'al Ye , is used in the calculations. In the second case a new representation is introduced which formally has many of the mathematical properties of the conventional representation for an ! = 1 vihrational state.
The tetrahedral splittings in the vibration-rotation levels of 2v,< of CD, are appreciable, and are accounted for very well by the following constants which give the splittings throughout the spectrum: Dt = 1.1 X 1O-6 cm-i, F1' = -1.4 X 10m4 cm-l, ysl = ,J l'(Z,, + Z,,) = 1.16 X 10m2 cm-'. The following linear combinations of effective rotational constants are obtained from the spectrum: From the P and R branches, B + Bo + 2(B{,) = 6.00 f 0.02 cm-i, B -Bo = -0.050 f: 0.004 cm-'. From the Q branch, B -Bo = -0.062 f 0.002 cm-l. In 2~~ of CH, the tetrahedral splittings are quite small, making a quantitative fit more difficult. However, the best fit is obtained with Dt = 4.5 X 1OP cn-I, P,, = -1.25 X 10-d CIK~, and 73f = -5.0 X 1OP cm-l. Also, from t,he P and N branches, B + B. + Z(R(a) = 10.76 Ifi: 0.02 cm-', B -Bo = -0.063 f 0.004 cn-I; from the Q branch, U -Ho = -0.058 f 0.002 cm+. The spectrum of 2~4 of CH, is extremely complex as a result of the tet,rahedral splittings and the overlapping of the five P, Q, and R branches. It is not possible to make definite assignments for the observed lines at this time.
I. ISTRODCCTION AKD SUMMARY
A re-examination of t'he t'heory of spherical top molecules in recent years has led to a thorough understanding of the tetrahedral fine structure of the vibrationrotation lines for the infrared active fundamentals of the methane molecule (1,Z). The explanation of the first overtones of the infrared active fundamentals, however, has presented considerable difficulty. These have recently been studied experimentally in methane with very high resolution (S-5). The bands of interest are identified as 2~~ of CHI (at about 6000 cm-'), 2~4 of CH, (at about 2600 cm-'), and 2v3 of CD, (at, about GO0 cm-'j. Each of these bands arises from the pure overtone of a triply degenerate normal vibration of the molecule. Therefore we would expect the spect'ra to appear qualitatively similar. However, they are markedly different. The band 2v3 of CH, (4) consists of single P, Q, and R branches, t,he structure we would expect to find in a fundamental. Similarly, 2v3 of CD4 (5) consists of single P, Q, and R branches; however the tet,rahedral fine struct,ure splittings are observed to be large in contrast to t,he exbremely small splittings in the analogous band of CH, . On the other hand, 2vq of CH, ( 3) cont'ains over 400 lines in a 200-cm-' region with no apparent regular pattern; the number of lines in 2~4 camlot be accounted for by t#he number of fine st,ructure romponent,s for a single P-, Q-, R-band structure.
The paradoxical differences in the appearance of these spectra should be emphasized. In the quantum mechanical Hamiltonian every t'erm which contributes to the energy of 2v3 has a counterpart which contributes to the energy of 2~~ . The molecular parameters which enter as coefficients of these terms are different. However, this should produce only quantitative differences in the spectra of 2~3 and 2~4 . Thus, if 2~:~ consists of a single P, Q, and R branch only, so should 2~4 . The splitting of each P-, Q-, and R-branch line into fine structure components may be too small to be observed in one case, while it may be very large and easily observed in the other. However, one would still not expect t,he marked qualitat,ive difference in the appearance of the spectra of 2v4 and 2~:~ which is act'ually observed in CH4 .
Despite the apparent, paradox it has been possible to explain these spectra. It is the purpose of this article to give a full theoretical account of the overtone spectra.
The most detailed theoret'ical treatment of XY, molecules of t,et.rahedral symmetry has been given by Shaffer et al. (6) . They calculated the matrix elements of the full vibration-rotation Hamiltonian to second order of approximation in perturbation theory without, however, applying their results to the experimental spectra of methane. They also calculated the relative intensities for the infrared active transitions. Their formulas for the relative intensities of the first overtones of the triply degenerate fundamentals have been revised by Lou& (7). The energy and intensity calculations lead to a very complicated theoretical overtone spectrum consisting of five different P, Q, and R branches of different spacings but of roughly comparable intensity. Such complexity would be needed to account for the observed spectrum of 2vq of CH, . On the other hand, we note that Johnston and Dennison (8) in their treatment of symmetrical molecules predicted a simple P, Q, R structure for the overtones 2v3 and 2v4 of tetrahedral X Yd molecules. Jahn was the first to make full use of the symmetry and group properties in a theoretical attack on the vibration-rotation terms in CH, (9) . In recent papers Hecht has exploited the spherical tensor formalism to greatly simplify the calculations and give a thorough theoretical account of the fundamental v3 of CH, . The present work is partly an extension of this work to the first overtones of the infrared active fundamentals. However, it involves also modifications which can account for the seemingly paradoxical nature of the experimentally observed overtone spectra.
In Section II is described the basic formalism and notation used. In Section III the energy levels and the relative intensities for the first overtones of the infrared active fundamentals are computed in a way which is a natural extension of the techniques employed in Ref. 1 for the fundmentals. The representation which is used, denoted as the conventional representation (Rl) , serves as a good approximation if the vibrational angular momentum quantum number P is approximately a good quantum number for the complete vibration-rotation Hamiltonian.
In this case the theory predicts five distinct P, Q, and R branches of roughly comparable intensity. It is shown that this theory can account for 2~ of CH, but definitely not for 2~3 of either CHq or CD4 .
The conventional representation (Rl) leads to a good first approximation only provided the separation of the E and Fz vibrational components of the & = 2 vibrational state is small compared with the splittings which arise from the 2B,ri(P.li) term; i = 3 or 4 for 2~3 or 2~4 , respectively. In Section IV we show that 2v3 of both CH, and CD, can be accounted for if we assume that the separation of the E and Fz vibrational components is very large. In that case we introduce a new representation (R2) which serves as a good first approximation in this limit and facilitates the calculations. The (R2) representation formally has many of the mathematical properties of the (Rl) representation for an ti = 1 vibrational state. The theory predicts an overtone spectrum which accounts very well for the observed spectra of 2~3 .
A detailed quantitative fit of (RZ) to 213 of CD, is very successful. In this overtone spectrum the tetrahedral splittings are large, so that effects in higher orders t,han those considered are negligible. The fit to 2~ of CH, is not as successful in accounting fully for the observed fine structure. The tetrahedral splittings in this spectrum are accidentally very small so that contributions from higher t'han third-order perturbations seemingly account for a considerable fract,ion of t'he total splitting.
II. FORMALISM
The quantum mechanical Hamiltonian for a rotating-vibrating tetrahedral XY4 molecule has been written by Hecht to third order in perturbation theory ( 1) . We follow his notation. The dimensionless variables of the Hamiltonian are t,he molecule-fixed components (P, , P, , P-) of the total angular momentum P; the normal coordinates q1 , (e, f), (x3 , ~3 , za), (x.4 , ~4, z4) appropriate t'o the t,etrahedral symmetry; and their canonically conjugate momenta. The normal coordinates correspond t,o t,he normal frequencies w1 , wg , w3 , w4 , respectively. Associated with the triply degenerate vibrational modes are the internal vibrational angular momenta 1, and 14 .
The zeroth order Hamiltonian is
where B, and the wi are in units of cm-'. The usual contact transformation (10 ) was made t,o remove from the first-order Hamiltonian all terms except those having matrix elements diagonal in t'he total vibrat'ional quantum numbers 2'1 ) u2 , vLl , v4 To third order of approximation, only quantities which are diagonal in these quantum numbers can contribute to the energy. Relevant. terms of the Hamiltonian will be writ'ten in detail later on as t#hey are required. A great simplification was made by Herht', by considering the terms in the Hamilt'onian to be built up from spherical tensors. To third order in the transformed Hamiltonian, the only linear combinations of tensor operators which can cont#ribute t)o the energies of 2~3 or 2~4 are the scalar operators T(O0) and a specific linear combination of fourth rank tensor operators (70)?(-I-O) + .5[2'(4 -4) + T(44)]. In the conventional representation (Rl) scalar operators contribute only to the effect,ive B-, (B<)-, and D-values, while the fourth rank t,ensor operators split the levels into their tetrahedral fine structure componentSs.
Matrix elements of spherical tensor operators between eigenstates charact'erized by angular momentum quantum numbers are readily evaluat,ed by applicat,ion of the Wigner-Eckart theorem. All vibration-rotation t.erms in the Hamilt,onian relevant to t)he energies of 2~s or 2~4 are built up from t'he separate vibrat#ion and rotat,ion tensors by the coupling technique If the vibration-rotation wave functions are also built up by angular momentum coupling, the Wigner-Eckart theorm greatly reduces the work of calculating many matrix elements to calculating a single "reduced" matrix element and many vector coupling coefficients which usually are tabulated. ( We further note that when the electric dipole moment operator is written as a spherical tensor operator, the relative intensities may be calculated in this formalism.
III. THE CONVENTIONAL PRESENTATION (Rl)
A. GENERAL REMARKS
In the conventional representation (Rl ) we consider P, which gives the magnitude of the total vibrational angular momentum 1 = 1, + 14, to be approximately a good quantum number for the complete vibration-rotation Hamiltonian. This is a good approximation if the tetrahedral splittings, including those which arise from the pure vibrational Hamiltonian, are small compared to the separations due to
+ rO'.14)1.
The rotation-vibration wave functions for any state may be formed from linear combinations of products of rotational with vibrational functions:
Here fiJK is an eigenfunction of P2 and P, , 4 [,,, is an eigenfunction of l2 and 6 ; and R = P -1.
Matrix elements of the operators T(kq) between states &Kg take the following form after successive applications of the Wigner-Eckart theorem:
This last equation is subject to the condition that
The factor ( -l)k'+L+C ' in (3) is not usually present (id), and arises because of the complex conjugate signs in (1) and (2). (These complex conjugates arise essentially because we wish to use the usual angular momentum addition coefficients in a scheme which involves subtraction of angular momenta: R = P -1; compare Refs. 1 and IS.) We now specialize to the case of the first overtone 2~4 . [2v4 of CH, seems to be the only one of the bands of interest which is consistent with (RI) .] Then & = 0, while & may take the values 0 and 2. As basis functions for the irreducible representat,ions of Td , the % = 0 vibrational function belongs to Al while the % = 2 vibrational functions belong to E and FZ .
We may write the vibrational wave functions as products of one-dimensional harmonic oscillator functions depending on .r4 , y4 , and 24 with quantum numbers In (2) and (3) the quant,um numbers (Pm) become (&m4).The linear combinations of *EKE which transform as basis functions for the irreducible representations of Td follow from the symmetry properties under the full rotation. inversion group and its subgroup Td . These linear combinations were first, worked out by Jahn (9) for R 5 10, and ext'ended by Hecht (1) to R 5 13. The classification of wave functions according to their tetrahedral symmetry results in the maximum factorization of the energy eigenvalue determinant, since the Hamiltonian cannot connect states tiRKR of different symmetry.
In t'he next section we calculat'e the energies of -3~4 to third order using (RI j. fining effective rotational constants. On the other hand, operators of rank 4 contribute terms to the energy which depend on KR and K,'. Therefore, for fixed b , J, and R, states of different tetrahedral symmetry will have their energy shifted by different amounts. However, the center of gravity of a given level will not be affected by the fourth rank operators. The effects of successive perturbations described above are summarized schematically in Fig. 1 , where we have taken % = 2. The relative intensity formulas for this case are derived in Section C. In the last section, the theoretical predictions are compared with the experimentally observed overtone spectra.
B. ENERGIES
Scalar Perturbations and the Effective Rotational Constants
The effective rotational constants for 2~4 arise from the terms (I) where 0pp44(scalar) = $5[(P.r4)* + (P.p4)' -%P"(p4" + rb')]. If we compare 0pp44(sca1ar) with Eq. (1) we see that this scalar operator (k = p = 0) is the contraction of a vibrational tensor operator of rank 2(k1 = 2) with a rotational tensor operator of rank 2(k2 = 2). The required matrix elements diagonal in l4 are given in Table I . The only difficult matrix element is that of Opp44(sca1ar) : Note that (6) vanishes for L = 0. We also note that 0PP44(scalar) has nonzero matrix elements for 8~' = 0 and % = 2(u4 = 2). In this case Eq. (5) gives
where 8JR is a Kronecker delta. This term will appear as an off-diagonal element in the energy matrices for 2~4 . It does not contribute to the effective rotational constants.
The eigenvalues of the scalar operators are written in Table I in a form which shows their contribution to the effective rotational constants. We denote a vibration-rotation level of 2~4 by JR . Transitions to such a level from the groundstate rotational levels of total angular momentum given by J + 1, J, and J -1 give rise to the P, Q, and R branches, respectively. The matrix elements of OppJr(scalar) contribute only to the effective B-and (B{q)-values. The matrix elements of P'(P.14) contribute, in addition, to the effective D-values. The contribution of -D,P4 to the energy difference between the upper and ground states is 4D,( J + 1)3, 0, and -4D,J3 for the P, Q, and R branches, respectively. The matrix elements of P2(P.14) are factored in two ways in Table I from which the contributions to the effective D-, B-, and ( B14)-values can be seen for the P-and R-branch lines, respectively. The "left-over" constants of Table I can be included in the pure vibrational energy.
The effective rotational constants are given in Table II for the P branch. The Q-and R-branch values are related to these in a simple way. For the R branch, the Beff and Deff are the same as those for the P branch except that the
TABLE II

EFFECTIVE ROTATIONAL CONSTANTS FOR 2vl(& = 2); (Rl). P-BRANCH VALUES
R B eff (Bldeff Deff
order of the R-values is reversed. The (B{4)eff are common to all branches. For convenience, we arbitrarily take Beff for the Q branch to be the same as for the R branch, and add the appropriate J3-dependent term to the energy of the state involved.
In comparing these resuhs with the observed spectrum 2~4 of CH, , we find t,hat it is not possible to distinguish among these effective rotational constants, so that t,he ambiguity in the Q-branch constants causes no difficulty. To get an idea of the differences between effective rotational constants we estimate Z,, and FJs from their explicit theoretical expressions (1) and from theoretical estimates of cubic potential constants (14) . We find ZdS E -0.03 =t 0.05 cm-' and Fq, E 0.003 f 0.003 cm-'. The uncertainties arise from the ambig&y in sign of certain molecular parameters, and are not statistical errors.
Tensor Perturbations and the Tetrahedral Splittings
The tetrahedral splittings of the energy levels determined by (Ho + H,') are given by matrix elements of tensor operators of the form
[T(4 -4) + T(i$)]. (7)
For states in which only vibrational quanta of va are excited, the split.ting pat,terns are determined by
+ NM~OPM( tensor) + Td40h4( tensor j.
Each of these tensor operators is of the form (7)) and is built up from a vibrational tensor of rank k, and a rotational tensor of rank k2 . In the order in which they appear in (8), the tensors have (k,, X-2) equal to (0, 4), (1, 3), (2, 2), (3, 1)) and (4, 0). These operators are given explicitly in Ref. 1 . Between states with vibrational angular momentum Pq' and P4 , mat,rix elements of these operators are zero unless %', t4 , and kl satisfy the triangle inequality of quantum vector addition. Thus in the ground state, with P4' = !d = 0, t)he tensor splittings are determined by OPPPP only. In the fundamental v4 with Ia' = L = 1, kl may be 0, 1, or 2. For t'he overtone 2vq , there are three possibilities :
( 1) !4' = % = 2, all five operators give nonzero matrix elements; (2) 1)4' = P4 = 0, only OPPPP gives nonzero matrix elements; (3) C' = 0 and 44 = 2, onIy 0PP44 gives nonzero matrix elements. 
For P4' = 0, f4 = 2 and &' = & = 0 appropriate quantities hsJ(R', R) and b&R', R j, respectively, are defined. These are t,he analogs of .fzJ( R', R 1.
It wiI1 be convenient to use the following notation:
&,h i = k, and j = ke ; and where, to Ohird order of approximation toti = --n, , t 134 = Fa , tm = Z4t , ta4 = N444t , f404 = TA4 . The jzJ(R', R) are given in Table III .
In the case of hsJ(R', R), P4' = 0 implies R' = .J. The quantities hd J, R)
are given in Table IV. The quantities k?,(R', R) become tjhe single quantity k.sJ( J, J) because Table IV . Table V are listed these quantities multiplied by the appropriate g&R', R), through J = 6.
As an example, the complete energy submatrix for the FZ states of J = 3 is given in Table VI. All relevant scalar and tensor contributions have been in- 5, eluded. The terms proportional to Fas on the matrix diagonal arise only for the Q branch, as explained in Section III.B.l. The pure vibrational scalar contributions, except that from G4Jd2, are collected into a single term E. No distinction has been made between the various effective rotational constants. The tij4 have been abbreviated to ti . It is clear that even for low J values, the energy matrices become too large to diagonalize except by means of a high-speed automatic digital computer. Before discussing the actual numerical calculations, we proceed to consider the relative intensities.
C. RELATIVEINTENSITIESANDSELECTIONRULES
The relative intensities in an infrared active band are proportional to the quantity Table VI . Energy sub-matrix for F2 states of J=3; (RI,). Xa, (1, 5) is the direction cosine, in terms of the Euler angles, between the spacefixed A-axis and the molecule-fixed u-axis. Expressed as a function of the normal coordinates, n, for example is given to second order by
The A; and Bi are constants. In order to calculate the relative intensities to second order of approximation, we use the electric dipole moment to second order (in the normal coordinates), and the initial and final state wave functions to first order (in the ordering scheme established for the vibration-rotation Hamiltonian). Note that the second order correction to t'he wave functions may be neglected because of the absence of a zeroth order term in the electric dipole moment. The first order wave functions of the untransformed Hamiltonian may be found from standard quantum mechanical perturbation theory, and then the required matrix elements found in a straightforward manner. The relative intensities have been calculated in this way in Appendix 7 of Ref. 13. Here we will obtain the relative intensities in a different way. This method gives some important insight into the symmetry selection rules. It also serves to check the results of the other method.
The basis for this method is as follows (10) : In the integral (f 1 IIz / i), the wave functions are the eigenfunctions of (HO + 23,). The t,ransformed Hamiltonian is obtained by application of the contact transformation T:
T((H, + HI) -E]11, = T[(Ho + 22,) -E]T-lT# = [(H,, + H,') -El+' = 0
Kow we write
We ensure the unitarity of T by writing T = exp(iXS) and taking S Hermitian.
Here, X is a parameter of smallness.
The +' are correct to first order since they are the eignfunctions of (H,, + H,') . 
where and Vhor = c (llac I 11XLY)bP1e ,
We see that in (13) all the tensor combinations are ( T32 -T3-2), even though they are not the same tensors as defined in (10) . Since every term in (13) con- (R', R, 3) must satisfy the triangle inequality; AK, = f2. Thus, there are five P, Q, and R branches. This is in contrast to the fundamental where AR = AKR = 0 implies a single P, Q, and R branch. In addition, it follows from the Pauli exclusion principle that the initial and final vibration-rotation wave func-tions must have the same tetrahedral symmetry, up to a subscript "1" or "2" in A1 , As , F1 , FZ . We find for the P and R branches that t'he allowed vibrationrotation transitions are A41 + -4, , A2 + A2 , Ii' -+ E', F, --+ F, , and FZ + F2 ; while for the Q branches they are A, t) Al , B -+ E, and F, t--) F2 .
The quantities CB are listed in Table VII . These expressions were first given by Hecht (7). However, explicit expressions for the parameters a and b were derived for t,he first time in Ref. 13. These are written at the end of Table VII (Rl).
P branches
J+l + JJ+2
Jfl --+ JJ+l Given the theoretical energies and relative intensities, we wish t'o try to account for the observed spectra.
Il. COMPARISON OF (Rl) WITH EXPERIMENT
1. 2~3 of CH, and CD, The observed infrared bands at 6000 cm-' in CH, and at 4500 cm' in CD4 have been identified as the overtones 2~9 . Each appears to consist of a single P, &, and R branch, with extremely small tet'rahedral splittings in the case of CH, (/t ), and relatively large splittings in CD, (5) .
The theoretical prediction of five P, Q, and R branches cannot be reconciled with these observed spectra. For J 5 6 the predicted relative intensities for the five branches are all comparable. There are no specific values of the intensity factors a and b (Table VII) for which the intensities of four of the five branches become accidentally very small compared with the intensities of the fift'h.
The possibility that all five branches coalesce into a single branch can be ruled out. This would require an effective r3 value of zero, and a superposition of the tetrahedral fine structure lines. But the effective c3 values for the fundamentals are 0.05 and 0.16 for CH, and CD4 , respectively. The l3 for CD, , especially, could not change enough from va t,o 3~ .
2.
2~4 of CH, A difficulty in treating the energy levels accurately is that 2~ is in Coriolis resonance with (~2 + v4) at 2826 cm-'. The Coriolis term can cause serious perturbations which are not fully included in our calculation even to third order in perturbation theory. However, we might expect our results to be sufficiently accurate to show that the t'heoretical treatment based on (RI) does account for the observed spectrum of 2~.
The energy matrices for J 5 6 have been calculated and diagonalized. The best fit to 2~ of CH, is obtained with the following parameters (in the notation of Table VI (1) were Bo = 5.24 cm-l, Do = lop4 cm-', -Dt = -4.5 X lop6 cm-'. The relative intensities of t.he tetrahedral fine structure lines were calculated with b assumed to be negligible. (We estimate b/a w j~lO_~.) These intensities were calculat'ed for all lines with J 5 5, except for a few particularly pertinent lines in J = 6. For 7 5 J 5 10, where our approximations become poorer, the energies were calculated in "dominant approximation," i.e., neglecting mat'rix elements off-diagonal in R. The relative intensities of these lines were not calculat,ed. In Fig. 2 is the comparison between the predicted and observed spectrum from 2473 cm-' to 2513 cm-'.
(A similar comparison was made throughout 2514 cm-' to 2763 cm-l.) The fit is qualitatively good for the entire region centered at 2600 cm-'. We conclude that 2~4 does consist of the five P, Q, and R branches predicted by (Rl). However, the great number of lines and the complexity caused by the tetrahedral splittings prevents a positive identification of individual lines, and makes a more certain analysis impossible at this time.
IV. THE NEW REPRESENTATIOX (RZ)
A. GENERAL DISCUSSION
I. The New Approximation
The striking feature of 2~~ of CH, is its single P-, Q-, and R-branch structure, characteristic of the fundamental ya . The tetrahedral splitting appears to be very small. However, in the corresponding band of CD4 the tetrahedral splitting is appreciable. The resemblance between the appearance of 213 and the fundamema IQ , with !s = 1 and Fz vibrational character, is a clue for the explanation of 2~ . The 4's = 2 vibrational states of 2~3 are linear combinations of two vibrational substates of symmetry E and FZ , see (-1) . The E vibrational substate can contribute to the intensities of 2~ only through the vibration-rotation interaction term 8, in ( 12). Since this contribution must be expected to be extremely small, the major contribution to the intensities of 2~3 arises through the Fz vibrational substate. If the tet,rahedral splittings are small compared with the separation of the five different states JR , (Fig. l) , C and R are approximately good quantum numbers and (RI) serves as a good approximation for eigenfunctions of the full vibration-rotation
Hamiltonian. In this case the wave functions of all five st,ates ,JR involve linear combinations of both the E and Fn vibrational wave functions of the -P3 = 2 vibrational state, so that all five states must be expecbted to give rise t'o infrared active lines of comparable intensity.
In general, the vibration-rotation tensor perturbations give tetrahedral splitstings which are small compared to the energy differences between t,he five J, states. However, if a pure vibrational tensor gives a splitting of the E and F? vibrational substat,es which is large compared with the ~BJ~(P.I~) separations, f and K are no longer even approximately good quantuni numbers. Then t,he conventional representation ( Rl ) is no longer a good approximation.
The pure vibrational pert'urbation t'erm TaaOBa( tensor), given explicitly in Ref. 1, can cause t,he splitting described. The resultant separation between the E and F, vibrational states is 20Ta3 . A very rough order of magnitude calculation, using estimates (14) of the cubic and quartie potential constant.s, gives I' I 33 z 9 rrn-'. If !!',, is large, energy matrices for the E and Fs vibrational substates may be diagonalized separately to a good approximation. The largest off-diagonal elements will be contributed by -~BJ~(,P.~~).
In CH, , the error in t.he calculat.ed energies due to neglecting this connect,ion between t,he E' and F2 vibrational substates is about 0.25J2/20Ta3 (in cm-'). For Taa = 10 cm-' and J = 5, for example, this error is about 0.03 cm?.
We now make the assumpbion that Ts3 is sufficiently large, so that, to a good approximation, we may calculate the energies for the Fz vibrational substate without, considering connections to the E vibrational substate. Under this assumption, we can no longer use the angular momentum coupling scheme of (Rl ) because we have isolated a port,ion of the Ps = 3 vibrat,ional state. The new wave 
Comparing (16) with (2) 
19) m
Comparing the right hand sides of ( 19) and ( 16) Therefore the labels (LK,) imply the same symmetry as do (RK,) . This "preservation" of symmetry will be very useful in factoring the energy matrices, and in formulating the symmetry selection rules.
The matrix elements of (P-1,) are now The energy levels determined by Ho + T33033(tensor) for the FZ vibrational substate have a 3(2J + 1) essential degeneracy. These energy levels are split by the (P.1,) term into three levels: one (2J + 3)-, one (2J + I)-, and one (2J -1 )-fold degenerate level, according as L = J + 1, J, and J -1, respectively. Further splittings of these levels into levels characterized by tetrahedral symmetry arise from the higher order terms in the Hamiltonian. The effects of successive perturbations are shown in Fig. 3 , which is to be contrasted with Fig. 1 .
If we calculate the matrix elements of the electric dipole moment using (R2), we find the selection rules AL = AK, = 0. These are precisely the same as the selection rules for R and K, in the fundamental. They imply a single P, &, and R branch. To first order in the energy, the spacings in the P and R branches are 2B,(l + 13). For 2~~ of CH, this becomes about 10.9 cm-'. This agrees approximately with the observed spacings for low J-values, but higher order terms will give appreciable contributions as J increases. The relative intensities and contributions to the energy from higher order terms in the Hamiltonian are calculated in detail in Sections B and C below.
Relation between (RI) and (R2)
The energy matrices for (RI) take into account all terms in the Hamiltonian through third order. As we have seen in Section III, the term T33033(tensor) gives rise to matrix elements off-diagonal as well as diagonal in the rotational angular momentum quantum number R. If we take successively larger values of !f33 (compared with the differences between diagonal matrix elements) we approach the approximation of (R2). Therefore, as T,, becomes sufficiently large, the energy levels Jg resulting from the diagonalization of the matrices of (Rl) should go over into the levels J, of (R2) for the Fz vibrational substate, plus the energy levels for the E vibrational substate. The levels for the E vibrational substate should become separated from those for the Fz vibrational substate by about 207133 . This numerical calculation was done for 2~ of CH, , for J 5 6 (19). The results of the calculation agree with the analytic predictions represented in Fig. 3 .
The & = 2 eigenfunctions for (Rl) were formed according to (2) :
with the I& defined in (4). The # LKL of (R2) are linear combinations of these ti RKR :
B. ENERGIES
The terms in the Hamiltonian which can contribute to the energies of 2~3 to third order are ( Since Opppp(tensor) is independent of vibrational coordinates, its matrix elements are the same as for v3 . Oppp3( tensor) depends on vibrational coordinates only through components of 13 . As a result, its matrix elements are the negatives of those for US .
The operators 0ppz3 (scalar) and 0ppS3 (tensor) are built up from ~2~ and second-rank rotational tensors Pzm ; 0p333 is built up from TQ, , 4'lq , and PI, . For the vibrational wave functions of the fundamental we have r2&lm =
. There is no such simple relation for rzp$hn * Therefore the matrix elements of the operators in question cannot be readily evaluated by application of the Wigner-Eckart theorem. But we can define an operator p2P : p2h2 = ~-2~2 , ~2~1 = -nfl , ~20 = r20 ; and then The matrix elements of xpa33 (scalar) are simply related to the matrix elements of (p: + rt) (P.1,). The matrix elements of xP3a (tensor) are identically zero for (R2) because the triangle ineyuality is not satisfied in the vibrational part of the matrix elements.
It is important to note that the effect.ive rotational constants will now contain the "tensor" parameters ZSt and N,,, , while the tensor perturbation terms will contain the "scalar" parameter ZZj6 . The effective rotational constants are given in Table VIII. The matrix elements which determine the tensor splittings depend on K, and K,' only through the vector coupling coefficients (L4K,q 1 L4L'K,') , where q = 0, +4. The linear combinations of $ LKL given by the tetrahedral symmetry determine the linear combinations of vector coupling coefficients which occur.
Thus, the matrix elements are equal to these specific linear combinations of vector coupling coefficients multiplied by the functions
The f&L', L) are listed in Table Table X . Note that the effective B value for the 33 state is to be regarded as different from the value for the states 34 and 32 , according to Table VIII.
In the "dominant approximation" for the energy eigenvalues, we neglect matrix elements off-diagonal in L. In this approximation, the tensor splitting patterns for (Rb) will be in the same ratios as those for vd (1) . The observed splitting patterns for 2v3 of CD, are compared with the theoretical patterns in dominant approximation in Ref. 5 . For low values of J the agreement is quite good. As J increases, the agreement becomes poorer because the effect of the off-diagonal matrix elements is appreciable. In the present work the energy eigenvalues have been calculated through J = 10, with matrix elements off-diagonal in L taken into account. These calculations are applied to the observed spectra 2~3 of CD4 and CH, . The numerical results are described in Part D of this section.
C. RELATIVE INTENSITIES AND SELECTION RULES
We calculate the relative intensities for (R2) by using the transformed electric dipole moment. To second order of approximation, where a is defined at the end of Table VII provided we interchange subscripts 3 and 4. Then (20) becomes
using the orthonormality of the vector coupling coefficients. Finally we find the expression analogous to (15) :
MT I Cf I IL I i> I2 = 2a72J + 1).
This relative intensity factor is the same as that of the fundamental ~3 . final states of the same tetrahedral symmetry, only those transitions are allowed which satisfy AK, = 0.
Since (21) is independent of the I, and K, quantum numbers, its value is independent of the tetrahedral symmetry of the initial and final state. The relative intensity of a single line in a vibration-rotation band such as 2v3 for any transition J, ---f JJ', is then
where g is the nuclear spin statistical weight factor.
D. COMPARISON OF (R2) WITH EXPERIMENT
1. 2~3 of CD, The band of CD4 at 4500 cm-' is identified as the overtone 2~9 of the infrared active fundamental ~3 . The observed tetrahedral splittings are appreciable, and constitute a strong test of the theory.
The energy matrices of (R2) have been diagonalized numerically t,hrough The predictions of (R2) are compared with the observed spectrum by "carrecting" the observed line positions for the predicted ground and final state splittings. This comparison is given in Table XI for The simple appearance of the band of CH, at 6000 cm-', identified as 2~ , has been accounted for by (R2). The tetrahedral fine structure, which has been partly resolved by Rank et al., should also be accounted for by the theory. However, the splittings in 2v3 of CH, are very small. For example, in P(7) of CH, the overall splitting is 0.21 cm-l, while in P( 7) of CD4 it is 1.50 cm-'. The best fit to the observed splittings is obtained with D, = 4.5 X low6 cm-' (approximat'ely the theoretical value), Fat = -1.25 X lo-* cm-', and Yat = -5.0 X lo-* cm-'. Line positions corrected for ground and final statme tensor splitting perturbations are given in Table XII . Since the tensor splittings are very small, smaller than would be expected from order of magnitude considerations, it is evident that fourth and higher order terms in the Hamiltonian may give relatively sizeable contributions.
These contributions increase with J, and contribute to the apparent discrepancies in Table XII for J 2 7. We also note that, the value of Fat used to fit 2~ of CH, is different from Fat = 0 used to fit va of CH4 (1). This may be the effect of higher order terms which are not negligible in 2v3 , but are negligible in v3 where the tensor splittings are larger (for example, t#he overall splitting in P(7) is 0.80 cm-'.)
The following combinations of effective rotat,ional constants have been ohtained: From the P and R branches, 
FP'
.666 E (2)
,666
FI"
.666 E (1) .666 -42
.666 FS (2)
,638
Q(9)
F(2) 1 5999.626 .320
E(Z)
.280 FZ (2) .280 FZ (1) . Using the ground-state value B. = 5.240 cm-', determined from the infrared active fundamental v3 (I), we find B = 5.177 f 0.004 cm-' (P and R branches), B = 5.182 f 0.002 cm-l (Q branch), and {3 z 0.0327. These may be compared with the corresponding constants determined in Ref. 
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